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I. Introduction
ULICK's simple analytical solution for describing the gaseous motion in solid rocket motors (SRMs) was obtained under the contingencies of steady, incompressible, rotational, axisymmetric, and quasi-viscous flow. 1 Despite being inviscid, its streamlines observed the no slip requirement along the porous wall. It also coincided with Taylor's 1956 solution obtained a decade earlier, albeit in an entirely different physical context. 2 The Taylor-Culick profile was repeatedly verified in a reassuring number of investigations, starting with the inventive tests reported by Taylor, 2 and continuing to those carried out in later years by way of computation, 3-5 experiment, [5] [6] [7] and theory. [8] [9] [10] In short, a collective body of research has confirmed the adequacy of the Taylor-Culick model in approximating the bulk flow in a full-length cylindrical motor. 11 Since then, this profile has stood at the foundation of many theoretical studies, especially, those concerned with wave propagation [12] [13] [14] and both hydrodynamic and combustion instability theories in porous chambers with and without particle interactions.
Recently, the Taylor-Culick profile has been extended to a simulated motor with regressing walls; this was accomplished using a nozzleless, nonreactive, rotational, viscous, and incompressible approximation that invoked similarity in time to model the expansion pattern of the porous wall. 8 It has also been submitted by Majdalani and Vyas, 27 following a simple modification, as a viable model for simulating the bulk motion in hybrid rockets exhibiting circular-port fuel grains. This was achieved by using a sinusoidal headwall injection profile to mimic oxidizer injection. In this article, we reconstruct the solution for uniform headwall injection to the extent of making it applicable to both solid and hybrid rockets in which the inflow at the headwall is nearly uniform. As one may expect, the headwall-to-sidewall injection velocity ratio will be significantly larger in the case of hybrids, thus leading to the onset of streamtube motion; our solution will attempt to capture this behavior. The ensuing formulation will constitute a basic approximation as it discounts the effects of compressibility, mixing, viscosity, and chemical reactions. However, by satisfying the no slip condition on all walls, we expect it to exhibit a quasiviscous trait akin to that displayed by the Taylor-Culick solution. The same may be said of the generalized solution that we later pursue with the aim of accommodating arbitrary headwall injection profiles. The attendant analysis will be considered last and shown to represent other possible injection scenarios.
II. Mathematical Model
As usual, the motor can be idealized as a cylindrical chamber of porous length 0 L and radius a with both a 'reactive' headwall and a nozzleless aft end (see Fig. 1 ). At the headwall, a fluid stream (which may denote an oxidizer or gaseous propellant mixture) is injected into the chamber at an axially uniform speed 0 U . This incoming stream must be assimilated with the lateral crossflow sustained by uniform mass addition along the porous sidewall. Naturally, the sidewall injection velocity w U is commensurate with the solid propellant or fuel regression rates. In hybrids, w U can be appreciably smaller than 0 U due to slow fuel pyrolysis, whereas these two values will be the same in SRM analysis. As shown in Fig. 1 , r and z stay for the radial and axial coordinates used to describe the solution from the headwall to the typical nozzle attachment point at the aft end.
A. Normalization
For expediency, it is helpful to begin by normalizing all recurring variables and operators. This can be done by setting, as before, 
Here 0 (0, 0)
allude to the uniform fluid injection velocities along the headwall and sidewall, respectively. For steady inviscid motion, the vorticity transport equation reduces to 0 Ω C rψ = (7) Despite the non-uniqueness of this relation, we will later show that it allows us to fully satisfy Eq. (4). Straightforward substitution into the vorticity equation yields the standard PDE, namely,
with the particular set of constraints:
By virtue of L'Hôpital's rule, removing the singularity in Eq. (9)a requires that both
Equation (8) is readily solved by separation of variables; one finds
This expression satisfies Eq. (10)b identically. Thus, from this point forward, Eq. (9)a may be superseded by Eq. (10)a.
III. Solutions

A. Solution by General Eigenfunction Expansions
Application of the boundary conditions must be carefully carried out, preferably, in the order in which they appear. For example, Eq. (10)a gives: 
and so 1 2 cos( ) 0 C = ; this is satisfied by (2 1) ;
n C n π = + enables us to sum over eigenfunctions corresponding to wall suction and injection. When even integers are considered, only injection-driven eigenfunctions will be employed. We now put 
The third condition becomes
which may exhibit several outcomes depending on the behavior of n α . Finally, the headwall condition may be satisfied by evoking the ideas of superposition and orthogonality. Starting with streamline originating at the corner (1,0) to bisect the flowfield at an angle of 1 4 π . By concentrating on specific areas, it may be seen that the solution conforms to the stated boundary conditions. While Fig. 2b illustrates the corner streamlines, Figs. 2c-f confirm the satisfaction of the no slip condition by reproducing the local behavior in different sectors. When the same analysis is repeated in Fig. 3 for 0 1000 u = , a streamtube motion akin to that of hybrid rocket core flow is seen to dominate. This is true everywhere except in the close vicinity of the sidewall. While Fig. 3a offers an overview of the streamtube motion, magnification near the sidewalls enables us to reaffirm that the fluid enters the chamber perpendicularly to the sidewall. By approaching the headwall, the presence of parallel flow in Figs. 3e-f lends support to the local orthogonality.
Having determined ψ , the velocity and vorticity components may be recovered from Eqs. (5) 
B. Solution by Injection-Driven Eigenfunctions
The same analysis may be repeated by retaining only the even eigenvalues associated with an injection-driven wall contribution. This can be seen by reconsidering Eq. (13) Note that we start our sum at negative infinity lest we capture half of the headwall injection velocity. As we pursue this route, the headwall requirement reduces to ∑ (27) and so, by use of orthogonality, we put 
C. Pressure Analysis
The steady momentum equation may be readily solved for the pressure distribution. By ignoring the viscous diffusion of vorticity, one may start with p ⋅∇ = −∇ u u and integrate in two spatial directions to retrieve, at length, 
At the centerline, we recover 
D. Arbitrary Headwall Injection Profile
The analysis may be repeated using an arbitrary headwall injection profile. To be specific, one may use These are prescribed by classic profiles used by Berman, Poiseuille, Darcy, and others. For uniform headwall injection, it is evident that 0 1 u = will correspond to a simulated solid propellant grain that is burning evenly along its surfaces. However, when the headwall injection profile is altered according to Eq. (37), the equivalent injection velocity constant needed to produce the same flux at 0 z = may be calculated from a simple mass balance, namely, 
As before, orthogonality may be applied to calculate n β . We find 
